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Abstract 

We study the stationary nonhomogeneous Navier Stokes problem in a two di¬ 
mensional symmetric domain with a semi-infinite outlet (for instance, either parabo¬ 
loidal or channel-like). Under the symmetry assumptions on the domain, boundary 
value and external force we prove the existence of at least one weak symmetric solu¬ 
tion without any restriction on the size of the fluxes, i.e. the fluxes of the boundary 
value a over the inner and the outer boundaries may be arbitrarily large. Only the 
necessary compatibility condition (the total flux is equal to zero) has to be satisfied. 
Moreover, the Dirichlet integral of the solution can be finite or infinite depending 
on the geometry of the domain. 
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1 Introduction 

In this paper we study the steady Navier-Stokes equations with nonhomogeneous bound¬ 
ary conditions 


{ —z/Au + (u • V)u + Vp = f in 11, | 

div u = 0 in 0, > (1.1) 

u = a on dUl ) 

in a two dimensional symmetric^] multiply connected domain Q, having one outlet to 
infinity (paraboloidal or channel-like), where the vector-valued function u = u(x) is the 
unknown velocity field, the scalar function p = p(x) is the pressure of the fluid, while the 

vector-valued functions a = a(x) and f = f(.x) denote the given boundary value and the 

external force; v > 0 is the viscosity constant of the given fluid. The boundary 8Ul con¬ 
sists of an infinite connected outer boundary and finitely many connected components, 
forming the inner boundary. The fluxes of the boundary value a over each component 
of the inner boundaries and over the outer boundary may be arbitrarily large. 

1 For the definition of a symmetric domain see (|2.l[). 
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Let us consider firstly the steady Navier-Stokes problem (1.1) in a bounded domain 


Q with multiply connected Lipschitz boundary consisting of N disjoint components 
r j,j = 1, The continuity equation (|1.1[) implies the necessary compatibility con¬ 


dition for the solvability of the problem (1.1): 


N 

f a • n dS = f a ■ ndS = 0, 

dn j=irj 


( 1 . 2 ) 


where n is the unit vector of the outward normal to <9f2. This condition means that the 
total flux is zero. Starting from the famous paper of J. Leray published in 1933 (see 


) the problem (1.1) has been extensively studied. Nevertheless, for a long time the 


existence of a weak solution u £ lT 1,2 (fl) to problem 0 was only proved either under 
the condition of zero fluxes 


Fj = f a • ndS = 0, 




(1.3) 


(e.g., [20], [16], [IT], [36]), or assuming the fluxes F j to be sufficiently small (e.g., [2], 
0, 0, 0, US]), or under certain symmetry assumptions on the domain hi and the 
boundary value a (e.g., [I], f5j, [6j, [ 25] . m, [3D], EH, HH). We call (|1.2[) the general 


outflow condition and 0 - the stringent outflow condition. However, the fundamental 
question (formulated by J. Leray in [20]) whether problem (1.1) is solvable only under 
the necessary compatibility condition 0 (this so called Leray’s problem ) had been 
open for 80 years. However a huge progress has been made recently. The Leray problem 
was solved for 2-dimensional bounded multiply connected domain (see m, ns, ED- 
Nevertheless, not much is known about the nonhomogeneous boundary value prob¬ 


lem (1.1) in unbounded domains. The first time in 1999 S.A. Nazarov and K. Pileckas 


solved problem 0 in an infinite layer without the smallness assumption on the flux of 
the boundary value, i.e. on the bottom of the layer there is a compactly supported sink 
or source of an arbitrary intensity (see [26]). Later in 2010 J. Neustupa [27], [28] studied 


problem (1.1) in unbounded domains H with multiply connected boundaries under the 


“smallness” assumption of the fluxes of a over bounded components of the boundary 
(he did not impose any conditions on fluxes over infinite parts of <9fi.). However, the 
solutions found in m, m have finite Dirichlet integrals (notice that the a priori esti¬ 


mate of solutions was obtained by a contradiction argument). Recently, problem (1.1) 
has been studied in a class of domains H C M n , n = 2,3, having paraboloidal and layer 
type outlets to infinity (see [5] , [TO] ). In 0, [TO] it is assumed that the fluxes of a over 
the bounded connected components of the inner boundary are sufficiently small while 
there are no restrictions on the fluxes of boundary value a over noncompact connected 
components of the outer boundary. Under these conditions the existence of at least 
one weak solution to problem (1.1) was proved. This solution can have either finite 
or infinite Dirichlet integral depending on geometrical properties of the outlets. The 
proofs in 0 , m are based on a special construction of the extension of the boundary 
value a which satisfies Leray-Hopf’s inequality and allows to get effective estimate of 
the solution. 

H. Fujita and H. Morimoto (see 


have solved problem (1.1) in a symmet¬ 


ric two dimensional multiply connected domains H with channel-like outlets to infinity 
containing a finite number of “holes”. Under certain symmetry assumptions on do¬ 
main, boundary value and external force, in |21]—[24] the authors also assumed that the 
boundary value a is equal to zero on the outer boundary and that in each outlet the flow 
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tends to a Poiseuille flow. Moreover, the fluxes over the boundary of each “hole” may be 
arbitrarily large, but the sum of them has to be equal to the flux of the corresponding 
Poiseuille flow which needs to be sufficiently small. In addition the viscosity of the fluid 
has to be relatively large. 

In this paper we prove the existence of at least one weak symmetric solution to 
problem (1.1) in a symmetric domain H C M 2 with either a paraboloidal or a channel¬ 
like outlet to infinity assuming that the boundary value a and the external force f are 
symmetric functions. Notice that we do not impose any restrictions on the size of the 
fluxes over both the inner and the outer boundaries. 


2 Main Notation and Auxiliary Results 

Vector valued functions are denoted by bold letters while function spaces for scalar and 
vector valued functions are denoted the same way. 

Let O be a domain in W 1 . C°°(Ll) denotes the set of all infinitely differentiable 
functions defined on 0 and Co°(f2) is the subset of all functions from C°°(Ll) with 
compact support in 0. For given nonnegative integers k and q > 1, L q (Ll) and W k,q (Q) 
denote the usual Lebesgue and Sobolev spaces; W k ~ 1 ^ q,q (dLl) is the trace space on dQ 
of functions from W k,q (Li)\ w!f' q (Vt.) is the closure of Cq°(I 1) with respect to the norm 
of W k,q (Ll)\ if Q is an unbounded domain, we write u G W k ° q (Ll) if u E W k,q (LlnBji(0)) 
for any Br( 0) = {x G M 2 : |x| < R}. 

Let D(Ll) be the Hilbert space of vector valued functions formed as the closure of 
C“(H) with respect to the Dirichlet norm ||u||z?(G 2 ) = || Vu||x,2(o) induced by the scalar 
product 

(u, v) = f Vu : Vv dx, 
n 

n n n Q u . Q v . 

where Vu : Vv = Vitj ■ Vvj = Denote by Jq°(CI) the set of all 

j =1 ' j =1 k= 1 & x k OXk 

solenoidal (divu = 0) vector fields u from By H(kl) we indicate the space 

formed as the closure of with respect to the Dirichlet norm. For any bounded 

domain H*(Q) denotes the dual of IL(H). || 11denotes the strong dual norm in 

Assume that D is symmetric with respect to the iq-axis, i.e., 

(xi, X 2 ) G O (xi, — X 2 ) G D. (2.1) 

The vector function u = ( 111 , 112 ) is called symmetric with respect to the aq-axis if u\ is 
an even function of X 2 and 112 is an odd function of X 2 , i.e. 

ui(xi,x 2 ) = ui(xi,-x 2 ), u 2 (xi,x 2 ) = —u 2 (xi,-x 2 ). (2.2) 


For any set of functions V(f2) defined in the symmetric domain H satisfying (2.1), we 
denote by Vs(Il) the subspace of symmetric functions from V(Q) satisfying (2.2). 

Below we use the well known results which are formulated in the following two 
lemmas. 


Lemma 2.1. (see m) Let n C M 2 be a bounded domain with Lipschitz boundary <9n. 
Then for any w G W 1,2 (JT) with w| £ = 0, L C dli , rneas(T) > 0, the following inequality 


I 


|w| 2 dx 
dist 2 (x, C) 


< cf |Vw| 2 dx 
n 


(2.3) 
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holds. 


Lemma 2.2. (see m Let II C M 2 be a bounded domain with Lipschitz boundary <911, 
£ C <911, meas(£) > 0 and h e W 1 ^ 2,2 (d IT) satisfying the conditions fh • ndS = 0, 

c 

supph C £. Then h can be extended inside II in the form 


A*(z,e) = - 


<9(x(x, e) E(x)) <9(x(x,e)E(x)) 


(9x2 


dx\ 


(2.4) 


where E £ IF 2,2 (II), 


dE(x) SE(x) 


dx 2 ’ dx\ 


= h and x is a Hopf’s type cut-off function, 


OT 


i.e. x( x -> £ ) is smooth, x(x,e) = 1 on C, suppx is contained in a small neighborhood of 
£ and 


ec 


|v * (l ’ e)l £ 3Tst(x.£)' 


The constant c is independent of e > 0. 


3 Formulation of the Problem 


We study problem (1.1) in a symmetric domain D cr having one outlet to infinity. 
Denote by D < ' out ' ) the set 


p)(out) = {j g ]|2 . |x 2 | < g(x i), xi > R* > 0 }, 


where g = g{x i) is a positive smooth function such that g 1 , gg" are bounded on the 
interval [I?*, +oo) and satisfies the Lipschitz condition 


\g(ti) - g(t 2 )\ < L\ti-t 2 \, ti,t 2 >R* 


with the Lipschitz constant L. 

We call this set “an outlet to infinity”. Depending on the function g the outlet D^ out ^ 
can be paraboloidal type or channel-like outlet (La 0 "*) is a channel-like outlet if g{x i) = 
const). 

Let us take a small positive number 7 and introduce another outlet 

D (i n ) = { xe D (out) . | X2 | < _7_ 5 ( a . 1 ) > Xl >R*> 0 }. 


We consider an unbounded symmetric domain 

D = D 0 U D, 

where Do = D D Br q (0) is the bounded part of the domain D and the unbounded part 
D is such that (see Fig. 1) 

We assume that 

(i) the bounded domain Do has the form 

N __ 

D 0 = Go \ U G it 
2=1 
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where Go and Gj, i = are bounded simply connected domains such that 

Gi C Go and Gjy denotes the nearest “hole” to the outlet. Denote dGi = Tj, i = 1,N\ 

(ii) the boundary <9D is composed of the bounded connected components Tj, i = 

N 

1 and the infinite component Tq = dQ \ |J F,. Tq can be regarded as the outer 

Z— 1 

boundary of D, while Tj, i = 1, as the inner boundaries. Denote To = Tq n <9Do- 

We suppose that each Tj, i = 0,..., N, intersects the x\ axis. 

Below we will use the following notation: 


Ri+i 


Ri + 


g(Ri) 

2 L 


l > 0 , 


Di = {x £ D : xi < Ri}, Ui = Q 0 UDi, u>i = \ D;. 



Remark 3.1. There holds the relation 


\g{Rk) < g(t) < ^ g(Rk), t e [R k , R k + 1 ]- 


(3.1) 


Indeed, for t £ [R k , Rfc+i] one has 

g(Rk ) 


= —L (R k+ 1 - R k ) < —L (t — R k ) < g(t ) - g{R k ) 

g{Rk) 


< L(t — R k ) < L (R k +1 — R k ) — L ' 


2 L 


This implies (3.1). 


We suppose that the boundary value a £ W 1 / 2,2 (clD) has a compact support. Let 

f a ■ ndS = Fj, * = 0,..., N, 

ri 
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be the fluxes of the boundary value a over d£l. Since the total flux has to be equal to 
zero (the necessary flux compatibility condition), we have 

N 

J u • ndS = - X) Fj, R > R 0 > 0, 
a(R) i=0 


where cr(R) is a cross section of the outlet D. 

Two main purposes of this paper are: 

1) to construct a suitable symmetric extension A of the boundary data a which 
satisfies the Leray-Hopf type inequalities 


f (w • V)w • Adx\ < e f |Vw| 2 dx, 

^fc+i f2fc+i 

/ (w • V)w • A dx | < e f | Vw| 2 dx, 

Uk 


(3.2) 


where w E is an arbitrary solenoidal function with 

chosen arbitrary small; 


w 


an 


= 0 and e can be 


2 ) to prove the existence of at least one weak symmetric solution u to problem ( 1 . 1 ). 


4 Construction of the Extension 

We construct a symmetric extension A of the boundary value a as a sum: 

A = Bo + Bqq. 

In order to construct an extension Bo we “remove” the fluxes Fj, i = 0,..., N — 1, to the 

boundary Tn and then we extend the modified boundary value which has zero fluxes 

N 

on Tj, i = 0,..., N — 1, into O. After this step we get the flux E on T^r. Then by 

i =0 

removing it to infinity and extending the modified boundary value from T n into 0 we 
construct the extension Boo. I n general if the stringent outflow condition is not valid 
one cannot expect that there exists such an extension (see the counterexample in (351 )• 
However, under our symmetry assumptions such an extension can be constructed. The 
first part of the construction is inspired by some ideas of Fujita [5j and the second part 
- by techniques proposed in [32]. 


4.1 Construction of the Extension B 0 . 

Before we start to construct the extension Bo we introduce some auxiliary functions. 
For x E D^ out \ X 2 > 0, we set (see [32] 1 

£(x) = £(xi, x 2 ) = ^(e In (4.1) 

V X’2 ' 

where 0 < T < 1 is a smooth monotone cut-off function: 


m 


0 , t < 0 , 

1, t>l. 
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Lemma 4.1. £ is a smooth function vanishing near x 2 = g(x 1 ) and equal to 1 in a 
neighbourhood of x 2 = 0. Moreover it holds 

on 


dxi 


C£ 

<—, * = 1 , 2 , 

X2 


oa 

/ C(e) 

d 2 a 

dxi 

~ g(x 1 )’ 

dxidxj 


<m 


9 2 (zi) 

where c is independent of £ and C(e) denotes a constant depending on e. 
Proof. First one notices that the support of V£ is contained in the set where 


(4.2) 

(4.3) 


1 < 


7(g(ai)-s 2 ) < el/£ ^ (1 + 7) S 2 < , ^ < (e 1/E + 7^2 . 


(4.4) 


X 2 7 7 

Then since £(x) = 'F(e In (g(x\) — x 2 ) — e In x 2 + e In 7 ) one gets 

= = _zl_ 1 

(9xi g(xi) — x-2 dx2 Vg(x 1 ) —x 2 x 2 

'■y ( — X 2 ) 

where '$>' is taken at the point e In-. Since we assumed that g' is bounded 

x 2 _ _ 

and T' is bounded as well one derives from (14.41) , (14.5I) 


(4.5) 


da 

C£ 

da 

< C £ 

f 1 1 M 

< C£ 

dx 1 

— 5 

X 2 

dx 2 

^g(xi)-x 2 x 2 ) 

X 2 


for some constant c and 


3£ 


dxi 


ce cg ( 7 + e 1 / e ) 

— — / \ J L 

^2 75(^l) 


Thus, it remains only to prove the last inequality of 


Differentiating (4.5) we get 


= Z9\x 1 ) \2 ( g"{g{x l )-x 2 ) -g' 2 \ 

dxi \a(xi) — X2.) v (n(rr,\ — vA 2 / 


>g{x 1) - X 2 


{g{x 1) - x 2 y 


Since we assumed that g g is bounded, by (|4.4|) we obtain 

o 2 a 


dx 2 

Similarly we have 


< 


C£ 


^ + e l /\2 

ce -) 

ce . ' 1 


2 — 74 — 


(g(x\)-x 2 ) x 2 


g 2 (x 1) 


C{e) 

g 2 {x1)' 


d 2 a 


dx\dx 2 



IIJ2 


\k"e 


C £ 

< 72<„2 


g(xi) - x 2 

C(e) 
g 2 {x 1 )’ 


1 


g(x 1 ) - x 2 x 2 


-+ T'e 


s'(24) 


(g(xi) - x 2 )‘ 


d 2 a 


dx 2 


T'T 2 ( - 


1 


< — < 

- -™2 - ,,2 


g(xi)-x 2 x 2 / 

C(e) 


- —V + tf'ef - 


2 1 ™2 


(s(aq) - x 2 ) x 2 


g 2 {x 1 ) 

This completes the proof of the Lemma. 


□ 
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We set 


£ 0*0 = (6 5 £2) = < 


d£(xi,x 2 ) d£(x 1 ,x 2 )\ ^ n 

- a -> - a -J> X2 > 0 

OX 2 OX 1 / 


<9£(xi,-x 2 ) 0£(xi,-x 2 )\ 

- a-> - a -h X2 <° 

OX 2 <7£i / 


(4.6) 


Then we have 

Lemma 4.2. £ is a smooth solenoidal symmetric vector field such that for any cross 
section a l ' out ^ of D^ outS) one has 


f | ■ ei dx 2 = 2. 

u ( out ) 


(4.7) 


<9£ 

Proof. Since function —— is even in x 2 we obtain 
ox 2 


9( x 1 ) QC 

f £-e 1 dx 2 = 2 f ( - =—) dx 2 = -2£(xi,g(xi)) + 2£(xi,0) = 2. 

.(out) 0 Ctx 2 


□ 


17 Tjv 



Now we start to construct the extension Bo- Let us choose <5 small enough in such a 
way that the straight line x 2 = 5 cuts each of the Tj, i = 1,..., N, at only two points. 
For 7 = 0,..., N — 1 we define the thin strips T, = [X t — ry. Xjy + 77 tv] x [—(5, 5], where ry 
and r/Ar are small positive numbers and note that the points (Xj — 7 ^, 0) and (Wv+r?jv> 0) 
are outside of the domain Q (see Fig. 1). Then on each strip Tj n O, 7 = 0,..., iV — 1, 
joining Tj to Tw we define bj in the following way 


'¥i/ dCs(x 2 ) \ 

2 V dx 2 ’ ) ’ 


in Tj nfi, x 2 > 0, 


b fix) 


(111 £2) 


Fj / d£s(-x 2 ) 
2 V dx 2 


in Tj (111, x 2 < 0, 


where 


(0,0), in O \ (Tj n fi), 

f s (x) = ^f(e In-—— V 
V x 2 ) 
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Notice that the Lemrna [4. 1 1 and Lemma |4.2| are valid if we take 7=1 and g(x\) = 5. 
Since each vector field bj is solenoidal and vanishes on the upper and lower boundaries 
of Yj, we have 

0 = f div bj dx = f bj ■ ndS = f bj ■ ndS + f bj ■ ei dS 

fi dti r» (.Yi+K)x[—<s,<5] 


= f bi • ndS - ^ • 2 / ( - dx 2 = f hi • ndS - Fj, Vi = 0 ,N - 1, 


r, ^ 0 dx 2 ' r . 


where T,. is the domain enclosed by Tj, (X t + k) x [—<5, <5] (n is a small positive number) 
and the lines X 2 = 6, x 2 = —6 (see Fig. 2). Therefore, it follows that if n denotes the 
unit outward normal to on F,; one has 

/bi-ndS = Fi, Vi = 0, N — 1. 


We set 


N -1 


b = ^ b *• 


i =0 


Clearly b is a symmetric solenoidal vector field. Moreover for every i = 0,..., N — 1 one 
has (note that the flux of bj vanishes on T :I for every i 7 ^ j) 


f (a — b) ■ ndS = f (a — bj) • ndS = Fj — Fj = 0. 


(4.8) 


Because of (4.8) there exists (see Lemma 


2.2) an extension Aq of (a — b) 


jv-i such 

u c 

i =0 


N—l 


that supp Ao is contained in a small neighborhood of (J Tj, 

»=0 


div A 0 = 0 , A 0 |jv-i = (a — b) 

u c 

i=0 


N — l •> 

U r< 

2 = 0 


and Ao satisfies the Leray-Hopf inequalitie^Jfor every solenoidal function w e wl 0 ^(Q) 
with w|g^ = 0 

J (w • V)w • Ao dx\ < ce f |Vw| 2 dx. (4 9) 

f2fc + l fifc + 1 


Notice that t 
value (a —b) 


le vector field Ao is not necessary symmetric. However, since the boundary 

jv-i is symmetric, Ao can be symmetrized to Ao where for A = (Ai, A 2 ) 
U r, 

i=0 


we dehne A = (Ai,A. 2 ) as follows: 


A x (x) = 2 ( Ai(xi,x 2 ) + A 1 (x 1 ,-x 2 ) ), x 6 H, 


(4.10) 


A 2 (x) = - ( A 2 (x i,x 2 ) - A 2 {x 1 , -x 2 ) ), x £ Q. 


2 Notice that the integral over LJk is equal to zero since Aq = 0 in u*,. 
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Define then 


Bo = Aq + b. 


TV—1 


Hence, Bo is a symmetric extension of the boundary value a from (J IY Moreover 

i=0 

TV 

f (a — b) ■ n dS = £ F* = F. 
rv i=o 


It remains to prove that Bo satisfies the Leray-Hopf inequalities. It is enough to prove 
that each bj, i = 0, • • • , N — 1, satisfies the Leray-Hopf inequalities. 

Let w = (wi,W 2 ) £ W^(D), w|^q = 0, be a symmetric and solenoidal vector held. 
Then 

f (w-V)w-b idx = -¥i f (w 1 —— + W 2 ^^)^i(x 2 )dx 

Mk+1 TitlQ 0X1 


OXo 


Since 


w\(x) 


£i(x 2 ) vanishes on the boundary of Yj n H one has 


Tina 0X1 Minn 0X1 

Therefore, using the definition of £i, applying the estimate (4.2) and the Hardj0type 
inequality one gets 


/ (w ■ V)w • hidx\ < |Fj| / 

^fc+i T^nQ 


dw i ~ 

W2 W- £l 

0X2 


dx 


I I r \w 2 \ ,dwi, 
<ce|Fi| J i— r L- 
Tinn F2 0X2 


dx < ce|Fj| J |Vw| 2 dx. 

f2fe+i 


Thus, we have proved the following lemma. 


Lemma 4.3. Assume that the boundary value a is a symmetric function in W l ^ 2 ' 2 (dD) 

TV-1 

having a compact support. Denote by a the restriction of a to |J T,;. Then for every 

i =o 

e > 0 there exists a symmetric solenoidal extension Bq in H satisfying BqIjv-i = a, 


B 0 N —i — 0 and the Leray~Hopf megualztxe. 

an\ u D 

i=0 

function w £ W^(Q) with w|g^ = 0 the following estimates 


U r i 

i =0 


i.e., for every symmetric solenoidal 


f (w • V)w • Bo dx\ < ce J |Vw| 2 dx 


(4.11) 


hold. 


Remark 4.1. In the case of a bounded domain the vector held Bo is a suitable extension 
of the boundary value a, i.e. A = Bo- The idea of the construction of Bo is very similar 
to that of H. Fujita ([5]). 

J For the application of the Hardy type inequality we used the fact that W 2 vanishes on X 2 = 0. 
4 Notice that the integral over u)k is equal to zero since Bp = 0 in Uk- 
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4.2 Construction of the Extension B^. 


After moving all the fluxes through Tj, i = 0 ,N — 1, to the last inner boundary 
Tn we need to drain the flux from Tat to infinity. There we consider a function g as in 
Lemma|4~T1 and suppose that 7 is chosen such that 


the curve x 2 = 


7 


7 + 1 


g{x\) crosses 


(4.12) 


Let us introduce the vector field 


booOc) = -IF | = < 


IF /d£(xi,x 2 ) d£(xi,x 2 )\ „ 

2 V 8 x 2 ’-toT“ )■ 12 >0 ’ 

t (9(,(x 1,-12) d((xi,-x 2 )\ 

2 I di2 ’ - )' X2<0, 

where £ is defined by (4.1) for x E Z)( m ) and extended by 0 into D. Then since for any 


cross section a 


F 




<9? 


f boo ■ ndS = — f boo ■ ndS = ——■ 2 f —~^dx 2 = 

J J O J Q x 


= -F 


one has 


(COi, 7+T 9{xi)) ~ £(®i, 0)) = F, 


J (a — b — boo) n dS = 0. 

r N 


(4.13) 


Because of (4.13) there exists (see Lemma 


2.2) an extension Aoo of (a — b — boo) 


such that supp Aoo is contained in a small neighborhood of Tat, 

div Aoo = 0, Aoolr^r = (a - b - boo) , 

rw 

and Aoo satisfies the Leray-Hopf inequalities for every solenoidal function w E 
with w|g^ = 0 

f (w • V)w • Aoo dx\ < ce J |Vw| 2 gLt, 

^fc+i ^fc+i 

( 4 - 14) 

| J (w • V)w • Aqo dx | < ce f |Vw| 2 dx 

Uk 

with a constant c independent of k and e. Notice that the vector field Aqo is not necessary 
symmetric. However, since the boundary value (a — b — boo) is symmetric, Aqo can 

Lv 


be symmetrized to Ago as in (4.10). Then 


Boo — b + bgo + A -00 


is a symmetric solenoidal extension of a on Fat. It remains to prove that Boo satisfies 
the Leray-Hopf inequalities. It is enough to prove that boo satisfies the Leray-Hopf 
inequalities. 
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Let w = (w i, w 2 ) G W^{Vl), w|qq = 0, be a symmetric and solenoidal vector field. 


We use the well known identity 


/ „, 1 , l9 . ,dw 2 dw± x , . 

(w ■ V) w = V(-|w| ) + - 7^7) (~w 2 , wi). 


(4.15) 


'2' 1/1 v dx\ dx 2 

Since is solenoidal, it is L 2 — orthogonal to the first term of the right-hand side of 
(4.15). Then one obtains 

/ (w-V)w -boodx < |F| / ( 


dw 2 dw i 




k +1 




< |F| ( f |Vw| 2 <£c 


dx\ dx 2 
J \(-w 2 £i +wii 2 )\ 2 dx 


) + Wi£ 2 ) 


dx 


■ k +1 

1/2 / , ,, - - l0 . \l/2 


(4.16) 


Let G± denotes the curve x 2 = ±g(x i). Then using (4.2), (4.5) for x G 14 and x 2 > 0, 
we have 


l£il = 




dx 2 


1 I 

<C£ —, | 2 = — 

x 2 Iaxi 


< 


ce 


dist(x, G + )' 


(4.17) 


Therefore, from (4.16) and ( 4.17[ ) applying Hardy type inequality (see Lemma [2.l| 
get 


f (w • V) w • boo dx 


we 


L k +1 


< ce |F| ( f |Vw| 2 dx 

^fc+i 

< ce |F| f |Vw| 2 dx, 


riu xr+u 


\w 2 \“ , \V 2 

dx 


I ”,' 2 < L 1/21 


^fc+i 


o+ dist 2 (x,G+) 

L k -\-1 


“ k +1 


where = {x G f\, +1 : x 2 > 0}. The same estimate is valid in , 1 . Therefore, 

boo satisfies the Leray-Hopf inequalities for every symmetric solenoidal function w G 

W XX) with w| 9n = 0 


Oi. 


f (w • V)w • boo dx\ < ce f |Vw| 2 dx, 


fc +1 


£ fc +1 


| f (w • V)w • boo dx | < ce f |Vw| 2 dx. 


(4.18) 


Moreover, one has the estimates 

lb |<^ 

9(x i) 


|Vboo| < , x G D. 

9 2 {x i) 


(4.19) 


Hence together with Lemma|4.3| we proved the following result. 


5 Here we used the fact that W 2 = 0 on X 2 = 0 and we supposed that w is extended by 0 outside fl. 
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Lemma 4.4. Assume that the boundary value a is a symmetric function in IT 1 / 2,2 (90) 
having a compact support. Then for every e > 0 there exists a symmetric solenoidal 
extension A = Bo + B^ in £7 satisfying the Leray-Hopf inequalities, i.e., for every 
symmetric solenoidal function w 6 W^’ c 2 (0) with w|gn = 0 the following estimates 

f (w • V)w • Adx\ < ce f |Vw| 2 dx, 

Hfc + 1 &k+1 

(4.20) 

/ (w • V)w • A dx\ < ce /|Vw| 2 dx 

w k 


hold. The constant c is independent of k and e. 


Remark 4.2. The constant c in (4.20) is of the 


N 


N 


c\ I] |Fj| = ci | / a • ndS\ 

i=0 i=0 I\ 


type 

^ c 2 ll a lln /1 / 2 ’ 2 (ao)’ 


where C2 is independent of a. 


5 Existence Theorem 

We look for the solution u in the form 

u(x) = A(x, e) + v(x), (5.1) 

where A is the symmetric extension of the boundary value a constructed in the previous 
section (see Lemma 4.4). 


Definition 5.1. Under a weak solution of problem (1.1) we understand a solenoidal 
vector field u which is of the type (5.1) with the symmetric vector field v 6 R)*’ 2 (0) 
satisfying the following conditions 

divv = 0 in O, v = 0 on 90, 

and the integral identity 

v f Vv : Vrj dx — f ((A + v) • V)rj ■ v dx — f (v ■ V)r/ ■ A dx 


= f (A ■ V)?7 - A dx — v f VA : Vrj dx + f f ■ r/dx 
n no 

Then we have 


Vr? e J 0 °°(O). 


(5.2) 


Theorem 5.1. Suppose that 0 C M 2 is an unbounded domain symmetric with respect 
to the x\ axis and each T,, i = 0 intersects the x\ axis. Assume that the 
boundary value a is a symmetric field in TT 1//2,2 (90) having a compact support. Let f 
be a distribution which is symmetric in the sense that 


< f, r] >=< f, r) > V?7 G J 0 °°(O) 


(5.3) 


(i) denotes the symmetrization of iq as defined in (4.10) for A) and such that 

Rk dx i \—1/2 


f G H*(Q.k) Vk and ||f||* = sup 

k> 1 


(/ R r k dx i \ -1 / 2 llrll \ 

U iif»«-w) <+”■ 


If either 
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+?° dx i 

(t> l 7M K + °° 


or 


■(■qo r ] r r -i 

(ii) f —- = +oo and D = D^ out \ 

R 0 9 3 (x i) 


then the problem ( |1.1| ) admits a weak solution u = A+v in the sense of the definition 5.1 
In the case (i) the weak solution u satisfies the estimate 


and in the case (ii) 


f “boo rjfr-i \ 

f \X7u\ 2 dx < c(a, ||f||*) ( 1 + f -^ 7 —r) 

f \Vu\ 2 dx < c(a, ||f||*) (l + f z* 1 ), 
n k V R 0 9 s (xi)J 


(5.4) 


(5.5) 


where c(a, ||f||*) = c ||a 


'W 1 / 2 ’ 2 (dfl) 


+ a. 


W 1 t 2 ’ 2 {dVl) 


+ ||f|| 


and c is independent of k. 


Remark 5.1. In the equality (5.2) and in what follows we kept for simplicity the no¬ 


tation of < f, 77 > as an integral. One should also notice that due to the symmetry as¬ 


sumptions on A, v, f the equality (5.2) will hold as soon as it holds for any r] € J£° S (Q), 
i.e. for 77 e Jq°(Q) which is symmetric. 

In order to prove the existence of at least one weak solution we need some classical 
results. 

Lemma 5.1. (Leray-Schauder theorem). Let V be a Hilbert space and A : V —>• V 
be a nonlinear compact operator. If the norms of all possible solutions of the operator 
equation 

u W = XAu W , AG [0,1], 

are bounded with the same constant c independent of X, i.e., 

||u (A) ||y <c VAg [0,1], 


then the operator equation 

u = Au 

has at least one solution u E V (see, for example, W)- 

s 12 — 1 

Lemma 5.2. (Poincare inequality). Let u E Wif c (Ll), u |= 0. Then the following 
inequality 

j \u(x)\ 2 dx < cg 2 (R k ) f |Vu(x)| 2 dx, ( 5 . 5 ) 

holds, where the constant c is independent of u and k. 


For the proof of this lemma recall (3.1): 


\g(Rk) < g(t ) < ^g(Rk), t e [R k , Rk+i}- 
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Lemma 5.3. Let u E W^(Q), u | af2 = 0. Then the following inequality 

IMI L*(w k ) < c 9 1 / 2 {Rk)\\^u\\ L 2 {uk) , (5.7) 

holds, where the constant c is independent of u and k. 


Proof. The proof of this lemma follows directly from the following inequality 

i 1 / 2 ii ii 1 / 2 


MU 4 k) ^ c II V m II LHu k ) • IMIlW 


(5.8) 


the estimates (3.1) and the Poincare inequality (5.6). The constant c in (5.8) is inde¬ 
pendent of k. O 

Lemma 5.4. Suppose that D = D^ out \ i.e. uik = {x : Rk < x± < R k +i, \x 2 \ < g(x i)}. 
Let f E L 2 (u)k ) and 



f f dx = 0. 





Then the problem 

{ 

div u = f in u k , 1 
u = 0 on duk / 

(5.9) 

1 2 

admits a solution u E W 0 ’ ( uj k ) 

satisfying the estimate 



|V<z|| L>fe) < C 11/11^2(0,0 

(5.10) 


with the constant c independent of u , f and k. 


Remark 5.2. In 


the family of the domains uik was chosen in a special way in order 


to have solutions of the problem (5.9) satisfying the estimates (5.10) with a constant c 
independent of k. Below we give a detailed proof of that fact. 


Proof. Recall that Rk+i — Rk = 
the transformation F defined by 


g{Rk) 

2 L 


and L is the Lipschitz constant of g. Consider 


f2L(xi-R k ) 2 Lx 2 \ 

V = (VUV 2 ) = FM = { gm 

Through this transformation uj k is transformed into a domain F(ujk) such that 
q < i _ 2L (xi — R k ) < 2L (i?fc + i - R k ) _ i 


g{Rk) 


g{Rk ) 


|y 2 | < 2L #( Xl ) = 2L (g( x ’i) ~gCgfc) + g(flfc)) < 2L 


T (7?fc-t-i Rfc) 
g{Rk) 


+ 1 ) — 3 L. 


g(Rk ) ff(-Rfc) 

Moreover, the upper and the lower boundary of F(uik) is given by ± the graph of the 
function hk defined as 


hk{m) = ik) sl c^r m+Rt )' 

Note that h k satisfies 

\hk(yi) -hk(yi) | < L\yi — y[\ E (0,1). 
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Figure 3: Transformed domain 


Since h k ( 0) = 2 L it is clear that the graph of h k (resp. —h k ) is contained in the triangle 
A + B + C + (resp. A~B~C~) (see Fig. 3). Any straight line joining a point of the triangle 
A~OA + (notice that O = (0,0)) to the graph of ±h k will necessarily have a slope larger 
than L and thus F(cu k ) is a star shaped domain with respect to any point of A~OA + 
and bounded independently of k. One has if J F {x) denotes the Jacobian determinant 
of F and F~ l the inverse of F 

f /(^(y^dy = f f{x) \J F (x)\dx = ff(x)dx = 0. 

F(u k ) u k \9\ n k)/ u k 

Thus there exists v solution to 

| divv(y) = f{F~ 1 {y)) in F(u k ), j 

\ v(y) = 0 on dF(u k ) j 

which satisfies (see M) 

lVv|| L2(FK)) < C ||^/(F- 1 (y))|| i2(FK) ), (5.11) 

where c is independent of k. Set 


u(x) = v(F(x)). 


One has the summation convention 


Thus u satisfies 


Moreover, 


du k (x) = 2 dv k (F(x )) . dm = 2 L _ dv k {F(x)) 
dxi z =i dyi dxi g{R k ) dyi 


2 l 

div u(z) = . div v(F(x)) = f(x) in uj k , 

g{Rk) 

u(x) = 0 on du k . 


2 L 

Vu llL> fe) = I|Vv(F(.t))|| L 2 K) . 
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Since (see ( 5.11| >) 


l|Vv(F(®))|||a ( } = / |Vv(F(x))| 2 dx = / |Vv(y)| 

F{u k ) 


>( g(Rk) y 




* 


< c 


(^Z^) f 1 ( y ^ dy = c (^T^) / f(x)dx 


F(oj k ) 


\ 2 L J 




the result follows. 


□ 


Proof of the Theorem \5. 1\ we construct a solution to (5.2) as limit of a sequence 
vW e Hs(Qi), where are solutions to 

v f Vv® : Vry dx — f ((A + v^) • V )?7 • dx — J (v® ■ V)ry • A dx 

fli Qi Hi 

(5.12) 

= f (A ■ V)v ■ A dx — v J VA : Vr/ dx + f i ■ rjdx 


Qi 


Qi 


Qi 


for any test function r] E Hg(Qi). Due, for instance, to the Riesz representation theorem 
there exits a unique element Av^ E Hs(Qi) such that 

f VA : Vr/ dx = v~ l ( / (v^ • V) -q ■ v® dx + / (A • V) r] ■ v ( ^ dx 
r2 z \Q Z r2 z 

+ / ( v ^ • V) t] ■ A dx + / (A • V) r] ■ A dx + f i ■ rjdxj — f VA : Vry dx Vr 7 E Hs(Qi)- 
r2/ r2 z r2/ / r2 z 


The equation (5.12) is equivalent to the operator equation 

v(0 =AvW. 


(5.13) 


It can be proved (see m ) that the operator A : Hs(£li) ^ Hs(£li) is compact and 


the solvability of the operator equations (5.13) can be obtained by applying the Leray- 


Schauder Theorem. To do this we need to show that the norms of all possible solutions 
of the operator equations 

V M) = aAv^’ A >, A E [0, 1], (5.14) 

are bounded by a constant independent of A. Take r) = v^ ,A i in ( |5.14 ). This yields 
uj |Vv^- A )| 2 dx = A/(A- V)v^’ A ) • Adx -\u j VA : Vv^dx 

Q; O; fli 

(5T5) 

+ A / f • v^’ A ) dx + A f (v^ 1 A ) • V) v^’ A ) • A dx. 


We estimate the first three terms of the right-hand side of (5.15) by using the Holder and 


the Cauchy inequalities, and to estimate the last term of (5.15) we use the Leray-Hopf 
inequality ( |4.20 ). We obtain 

v j |Vv^’ A )| 2 dx < c/r /|Vv^ ,A ^| 2 dx 


+ -( f |VA| 2 dx + / |A| 4 dx + ||f||#,, n ^ + c(Fi, ...,¥ N )e f | Vv (i> A ) | 2 dx. 
I 1 \n, n, J n, 


(5.16) 


17 





















V V 

Taking u = — and e = -——-——r. 

4c 4c(F 1; ...,Fjv) ' 


we obtain 


-||Vv (( ’ A )||| 2(nj) < c 


IV A II 2 -I- II A II 4 -I- Ilf II 2 

l VA H L 2 (Qi) + H A llL 4 (nd + 


Since e is now fixed, we have also (note that suppBo C flo) 
12 


I^^IIl 2 (fit) ~ ||VBo + VB, 


ooiir^cno — l|VBo|| L2(no ) + ||VB 0 


< c a 


< c a 


< c llal 


lL2 (ai ) 

dx 


lL 2 (n,) 


W‘^m{l dx +1 gi( Xl ) 

( tr, ^ , R r l 9( r l} dx\dx 2 \ 
( meas(n 0 ) + J f -47-y ) 

V Ro -g(xi) 9 VO / 

/ Ri dT^ 

( 1+ i?hi). 


W 1 / 2 ’ 2 {8Q) 


w 1 / 2 ’ 2 (dn) 


(5.17) 


Similarly (see (4.19)) 


lL 4 (f2,) - 


< c a 


W 1 / 2 ’ 2 ^) 


/ R] 

U+/ 

V Ro 


R J dx i 


Ro S 3 0n) 


(5.18) 


The constant c in (5.17) and (5.18) is independent of l. 
Therefore, we obtain for all 0 < A < 1 


H VvM) ll! 2 (fiO <c(a,||f||*) (1+ / 


Ri 


dx i 


Ro 5 3 (-Ti) 


Hence, according to the Leray-Schauder Theorem each operator equation (5.13) has at 
least one weak symmetric solution v® G Hs(^i). These solutions satisfy the integral 

(5.19) 


identity (5.12) and the inequality 


l|Vv (z) ||£ 2(ni) <c(a, ||f||*) ( 1+/ 


Ri 


Ro 


dx i 
g 3 (x i) 


+ ?° dx i 

If j -jy—- < +oo, the right hand side of the above inequality is bounded by a 

constant uniformly independent of l. Extending the solutions by 0 into fwe get 
functions G Hs(£l)- The sequence {v^} is bounded in the space Therefore, 

there exists a subsequence {v^ m ^} which converges weakly in Hs(Q) and strong!^] in 
L 4 (H;) for any l. Taking in integral identity (5.12) an arbitrary test function 77 with 
a compact support, we can find a number l such that supply C fh and r] G Hs(£li). 
We can pass in (5.12) to a limit as l m —> +00. As a result we get for the limit vector 
function v the integral identity (5.2). Obviously, following estimate 

’ dx 1 
Ro 9 3 (x 1 ), 


/ |Vv| 2 dx < c(a, ||f||*) (l + f dxi 

V Rr\ 


6 Notice that the embedding Hs{£li) , -tL‘s(Qi) is compact. 
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holds. 

+ ?° dx i 

However, if I —5- ;—- = +00 , we cannot pass to a limit because the right hand 
Ro 9 3 (x 1 ) 

side of (5.19) is growing. Therefore, we have to control the Dirichlet integral of the 
vector field over subdomains f l k C fi/, for fc < l. To do this we apply the special 
techniques (so called estimates of Saint Venant type) developed by V.A. Solonnikov and 
O.A. Ladyzhenskaya (see [T9] . [33]). Let us estimate the norm ||Vv^ \\L 2 (n k ) with k <1. 
We introduce the function 


ui°(*) = 


r v^(x), x e Q k , 

O k (x)v( l \x) + vj^(x), x <Eu> k , 
0, x £ O \ , 


(5.20) 


where 9 k {x) is a smooth even in x 2 cut-off function with the following properties: 

0 k (x) = 


1 , x e 

0, x £ \ 


|V0*(x)| < 


g(,Rk)' 


(5.21) 


Let vj|p be a solution of the problem 


divv^ = -V0 fc -v« in 
v? = 0 on <9cjfc. 


(5.22) 


Since 


J V9 k ■ v (/ ) dx = f div (0fcV^) dx = / • ndx = / • ndx = 0, 

ctafc cr(Rk) 

a solution vji/ of problem (5.22) exists and satisfies the estimate 


Vvi°|| L2K) < c||V0 fc -vW|| LaK) , 


(0l 


(5.23) 


where c is independent of k (see Lemma5.4). Using the estimate (5.21) and the Poincare 


inequality (5.6), from (5.23) we derive the estimate 

dO.-- - c 


Hl>U < c\\V6 k ■ v«|| L 2 K .) < ^-y || V W || L 2 (wfe) < ell'Vv^ 1 || L 2 K) . ( 5 . 24 ) 


Notice that vj^ is not necessary symmetric, so we symmetrized it as in (4.10). For 
simplicity we do not change the notation of vj^, i.e. v[ / ' 1 is symmetric in the following 
text. 

Set rj = U® in (5.12). Then, because U® = 0 in Q \ f4 + i and 

/ ((v« + A) • V)uJ° ■ dx = 0, 
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we obtain 


v f |Vv( z )| 2 dx = f ((v® + A) • V) Uj^ • (v® — U®) dx 


uk 


-v f Vv® : VUjj? dx + / ( V W • V) uJ? J • A dx 


(0 




‘fc+i 


(5.25) 


- 1 / / VA : VUjf } dx + f (A-V)U^ ■ Adx + f f • U£ ; dx. 

fife+i ^h+i fik+i 

In order to estimate the right hand side of (5.25), we use first the inequalities (5.24), 
(5.7) and the Poincare inequality (|5.6[) to obtain 


r(0 


t (0 


IVU 


' (/) IIl 4 k) 

< 

c^ 1 / 2 ( J R fc )|| Vv ( ^ || Z/ 2 ( ^ fc) ; 

■(Oil , 

k "L A (ui k ) 

< 

ll vW llL4( Wfc ) + || : ||L4( Wfc ) 


< 

cg 1/2 {R k ) ||VvW|| L 2 ((Jfc) + cg 1 / 2 (i?fc)|| Vv^H^^) 


< 

c 5 1/2 (i? fe )||VvW|| L 2 (a)fc) ; 

fW l 2 K) 

< 

!|V(4v(0)|| L2K) + ||Vv«|| i2K) 


< 

l|V^|| L =o (Wfc) ||v«|| i2K) + ||0 fc || LooK) ||Vv«|| i2K) 


+ 

c||Vv(')|| L 2 K) < c||Vv(0|| i2(ajfc) . 


Below we will need the following inequality 

f |A| 2 |w| 2 dx < ce 2 f |Vw| 2 dx Vw e (^), w = 0 on dQ, 

which can be proved arguing like for proving Leray-Hopf’s inequality. 

By using the Holder inequality, (5.26) and (5.27) we obtain 


u k 

< (HvW 


(5.26) 


(5.27) 


/ (( V W + A) • V)U® • (v« - uj?) dx 

ll^(».)l|v ( ' ) -u‘ 0 || I .(„, ) + ||A(vW-u‘bll I2K) )l|VU< , >|| I1( „, ) 
< cg(R*) l|Vv(')||i JK) + ||Vv<‘>lly^, ||V(v<‘> - u(' , )ll^(„ i) 

<c9(fl*)l|Vv<‘)||5 ;J(ui) +ce||Vv( i )||| J(ui) . 


We estimate the second term of the equation (5.25) by using the Cauchy-Schwarz in¬ 
equality and the estimates (5.26): 


/ Vv® : vuj? dx < ^||Vv(')|| IS(uj) ||VU' ,, || 1 » ( „ >) < HIVvWlll, J. (5.29) 
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inequality, (5.26) and (5.27): 


To estimate the third term of (5.25) we use the Leray-Hopf inequality (4.20), the Holder 


‘k+1 


< 


f ( V W • V)ujj.° • Adx 

-1 

f (v® • V)v® ■ A dx 


+ 


f ( V W • V)U® • A dx 




< ce ||VvW||2 2(nfc) + ||vU^|| L 2 (wfc) ( / |v® | 2 |A| 2 dx 
<c £ (||Vv(0||| 2(nfc) + ||Vv(0||| 2K) 


1/2 


(5.30) 


inequality, (5.17), (5.18) and (5.26): 


The last three terms of (5.25) are estimated by using the Holder inequality, the Cauchy 


/ VA : VUj° dx 

+ 

/ (A • V)U® • A dx 

+ 

/ f-U«dx 

^fc+i 






< 


< 


< 


2 fi 

2 c 

h 


< c^||VA|| L 2 ( fife+1 ) + l|A||^ (nj+i) + ||f||H*(£i fe+1 )^ ll v u/ ) || L2(nj[+l) 

l|VA|U2 (n>+l) + ||A||| 1(ni+i| + ||f|| H . (n , +l) J HVUi i >|||2 (ni+l) (5.31) 
„ (ll VA lll2(n t+1 ) + ll A llt(sj fr+1 ) + H f llh(si2+i)) + _ 2"ll Vv<f) lli 2 (n i;+1 ) 

™ ( i+ T^>h c " ( iivv<,,|i -« +iivv<,,|i -<->) ■ 

Therefore, from ( |5.25 ), ( |5.28 ), ( |5.30 ), (5.31) it follows that 

i/ / |VvW | 2 dx < c 5 ( J R fc )||VvW||3 2( ^ ) +c£ ||v v W||| 2(wfe) +ci/||Vv( z )||| 2(a;)t) 

Q k 

f) +Iiw<->iii2 ( .,) + 4-J&) ( 1+ r ^). 

sufficiently small, we obtain 

/ |VvW| 2 d® < c 5 (i? A; )||VvW||3 2( ^ ) 


For s and /i 


+c(a, ||f ||.) (l + f 


(5.32) 
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4 


Using the remark [3TT| several times we derive 

i V 1 dx i ^ Rk +' dx i _ 8 (Rk+i - -Rfe) 

J — J n 


R k 9 3 (x i) ' R k (\g{R k )f 9 3 (Rk ) Lg 2 (R k )’ 

R r k dx i > Rk dx i _ 8 (74 - .Rfc-i) _ 4 

0 3 (*i) “ii (fy ^)) 3 27g 3 {R k - 1 ) 27 Lg 2 (R k _ l )' 

1 


Since y(I4) > -g(R k -i) we get 


^ dxi ^ 1 

rL 9^~) ~ 27Lg 2 {R k ) 


It follows that 


R, 


* r +1 dx i 4 _ , 1 

/ \ , =27-4 


R k 9 3 {x i) Lg 2 {R k ) 
Thus we have 


27 Lg 2 (R k )~ Rk i g 3 {x 1 \ 


Rfc r +1 dxi dx i R,s r +1 dxi daq 

Jo 9 3 (x i) ~J 0 g 3 ( Xl ) + J k g 3 ( X1 ) ~ l g 3 ( Xl ) 


and the inequality (5.32) becomes 




/ |Vv^| 2 dx<c 5 (« fc )||VvW||3 2 ( ^ )+c ||v v (^||2 2 K) + c (a,||f||*) ( 1 + / - 3 — 

r2/j \ i?o ™ 

Denote y*, = f |VvW| 2 dx. Since f = f — f , we can rewrite the last inequality as 

f2 fe Wfc fifc+i f2fe 


where 


2/fe < c*(y fc +1 - 2/fc) + c**y(74)(y fc+ i - y k ) 3/2 + ^Q k , 


Q*-2c(a,"f||,)(l+/ 


(5.33) 

(5.34) 


We have, using the remark [3~T| again 

c*(Q k +1 — Qfc) + C** g(R k )(Q k+1 - Q k f/ 2 


Rfc+i 

£2c - c(a ' l|f|| - ) l *■(*,) 


dx 1 / Rfe + 1 


+ c**g(R k ) ( c(a, ||f||*) / 

' R, 5 3 0d) 


3/2 


< cic(a, ||f||*)y 2 (i4) < C 2 c(a, ||f||*) / . < c(a, ||f ||*) (l + f ) 


Rk dx 1 \ 1 




ff 3 0i) 

for k large enough if---)• 0 when /c —>■ +oo. 

1 + r aai 

i <? 3 (*l) 
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Claim. Let non negative numbers yk, k = 1, satisfy the inequalities yk+i > Vk 

and 

Vk < c*(j/fc+i - yu) + c** g(R k ){yk+ 1 - 2/fc) 3/2 + (5.35) 

where c*,c**,Qk are non negative numbers such that 

^ c*(Qfc+i Qkf T c** g(Rk')(Qk +1 Q&) ^ • (5.36) 

If N < Too and vn < Qn then yk < Qfc V/c < A r . 


Although this claim is proved in [33] . for the reader convenience we give the proof 
which is based on induction. Suppose we have proved that yk+i < Qk+i- If Vk > Qk 
then 0 < yk+i — Vk < Qk+i — Qk- Since the function r — > F(t) = c*r + c** g(Rk) t 3 / 2 is 
increasing we get 

Vk R(jJk-\- 1 2/fc) T 2^ k ^ Qfc) H~ ~^Qk fQ k yQk — Qk 


and a contradiction. Thus, yk < Qfc. 


Since Qa,- satisfies the condition (5.36), the inequality (5.33) together with (5.19) and 
the claim above, the estimate 


Vk= f |Vv (/) | 2 d.T < c(a, ||f||*) 

Qk 


/ Rh 
!+/ 
V R 0 


R n k dx 1 
g 3 (x i) 


holds. 


yk < i 


Since for every bounded domain Qk, k > 0 the embedding Wg’ 2 (Qk) ““T Lgi^k) 


(5.37) 


is compact, the estimate (5.37) is sufficient to assure the existence of a subsequence 


which converges weakly in Wg (Qk) and strongly in L$(Qk) for any k > 0. Such 
subsequence could be constructed by Cantor diagonal process: we can choose a weakly 
convergent subsequence {vd m i} in ITg’ 2 (fli) which converges strongly in Lg(Qi). In the 
same manner we subtract a subsequence of {vd™)} in Q 2 which we call also {vd™)} for 
the sake of simplicity. Continuing this we can choose a desired subsequence. Taking in 


integral identity (5.12) an arbitrary test function r) with a compact support, we can find 


a number k such that supprj C Qk an d r] E Hs(Qk)- Extending r/ by zero into Q \ Qk, 


and considering all integrals in (5.12) as integrals over Q, we can pass in (5.12) to a limit 
as l m —> Too. As a result we get for the limit vector function v the integral identity 


(5.2). Therefore, u = A + v is a weak solution of problem (1.1). The estimate (5.5) for 


v follows from (5.37). Since for A the analogous to (5.5) is also valid, we obtain (5.5) 


for the sum u = A T v. 


Remark 5.3. If the norms ||a||^i/2,2(gQ) and ||f |j* are sufficiently small, it can be proved 
using the methods proposed in [19j and [33] that the weak solution u is unique in a class 
of functions with the Dirichlet integral growing “not too fast”. 

Remark 5.4. If D is a channel-like outlet and |F| is sufficiently small, it can be proved 
using the methods from [19j and m that the weak solution u tends to the Poiseuille 
flow as x\ —> Too. In this sense our result extends the result obtained by H. Morimoto 

and H. Fujita in m, m- 
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